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Planck Collaboration: Cosmological parameters
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Fig. 1. The Planck 2015 temperature power spectrum. At multipoles ` � 30 we show the maximum likelihood frequency averaged
temperature spectrum computed from the Plik cross-half-mission likelihood with foreground and other nuisance parameters deter-
mined from the MCMC analysis of the base ⇤CDM cosmology. In the multipole range 2  `  29, we plot the power spectrum
estimates from the Commander component-separation algorithm computed over 94% of the sky. The best-fit base ⇤CDM theoretical
spectrum fitted to the Planck TT+lowP likelihood is plotted in the upper panel. Residuals with respect to this model are shown in
the lower panel. The error bars show ±1� uncertainties.

sults to the likelihood methodology by developing several in-
dependent analysis pipelines. Some of these are described in
Planck Collaboration XI (2015). The most highly developed of
these are the CamSpec and revised Plik pipelines. For the
2015 Planck papers, the Plik pipeline was chosen as the base-
line. Column 6 of Table 1 lists the cosmological parameters for
base ⇤CDM determined from the Plik cross-half-mission like-
lihood, together with the lowP likelihood, applied to the 2015
full-mission data. The sky coverage used in this likelihood is
identical to that used for the CamSpec 2015F(CHM) likelihood.
However, the two likelihoods di↵er in the modelling of instru-
mental noise, Galactic dust, treatment of relative calibrations and
multipole limits applied to each spectrum.

As summarized in column 8 of Table 1, the Plik and
CamSpec parameters agree to within 0.2�, except for ns, which
di↵ers by nearly 0.5�. The di↵erence in ns is perhaps not sur-
prising, since this parameter is sensitive to small di↵erences in
the foreground modelling. Di↵erences in ns between Plik and
CamSpec are systematic and persist throughout the grid of ex-
tended ⇤CDM models discussed in Sect. 6. We emphasise that
the CamSpec and Plik likelihoods have been written indepen-
dently, though they are based on the same theoretical framework.
None of the conclusions in this paper (including those based on

the full “TT,TE,EE” likelihoods) would di↵er in any substantive
way had we chosen to use the CamSpec likelihood in place of
Plik. The overall shifts of parameters between the Plik 2015
likelihood and the published 2013 nominal mission parameters
are summarized in column 7 of Table 1. These shifts are within
0.71� except for the parameters ⌧ and Ase�2⌧ which are sen-
sitive to the low multipole polarization likelihood and absolute
calibration.

In summary, the Planck 2013 cosmological parameters were
pulled slightly towards lower H0 and ns by the ` ⇡ 1800 4-K line
systematic in the 217 ⇥ 217 cross-spectrum, but the net e↵ect of
this systematic is relatively small, leading to shifts of 0.5� or
less in cosmological parameters. Changes to the low level data
processing, beams, sky coverage, etc. and likelihood code also
produce shifts of typically 0.5� or less. The combined e↵ect of
these changes is to introduce parameter shifts relative to PCP13
of less than 0.71�, with the exception of ⌧ and Ase�2⌧. The main
scientific conclusions of PCP13 are therefore consistent with the
2015 Planck analysis.

Parameters for the base ⇤CDM cosmology derived from
full-mission DetSet, cross-year, or cross-half-mission spectra are
in extremely good agreement, demonstrating that residual (i.e.
uncorrected) cotemporal systematics are at low levels. This is
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Is the CMB angular distribution isotropic?

• Null hypothesis: “the observed universe is isotropic”. 
Current observational data show no strong evidence against 
it, does this imply that the universe must be isotropic?

CMB temperature fluctuations



• Data can’t disprove exact isotropy,  or the opposite, it just 
indicate {compatibility, accordance, remarkable consistency 
with,…} statistical isotropy  or statistical anisotropy

• Why? Because we just see one (SI or SA) realization!

• Null hypothesis: “the observed universe is isotropic”. 
Current observational data show no strong evidence against 
it, does this imply that the universe must be isotropic?

Is the CMB angular distribution isotropic?



Large angular scale CMB anomalies:
Reports of breakdown of statistical isotropy of CMB!
at large angular scales



Large angular scale CMB anomalies:
Reports of breakdown of statistical isotropy of CMB!
at large angular scales

“extraordinary claims require extraordinary evidence” C. Sagan

Anomalies , > 3�� �

Is the CMB field anomalous?



CMB anomalies

the state of the art…



Large angular scale CMB anomalies: a review
• Lack of large angular correlations, i.e.,

• Power spectrum deficit at large scales, i.e., 

• Quadrupole-Octopole alignment

• Hemispherical asymmetry

• Low variance

• Parity asymmetry, i.e.,  

• etc. (low quadrupole, cold-spot,…)

✓ > 60�

`2n < `2n+1, n � 1

` < 30



p-values of some CMB anomaliesCMB anomalies after Planck 7

feature p-value data reference

in angular space

low variance (N
side

= 16)  0.5% Planck 15 Tab. 12 [7]

2-pt correlation �2(✓ > 60�)  3.2% Planck 15 Tab. 14 [7]

2-pt correlation S
1/2

 0.5% Planck 15 Tab. 13 [7]

2-pt correlation S
1/2

 0.3% Planck 13 &

WMAP 9yr Tab. 2 [31]

2-pt correlation S
1/2

(larger masks)  0.1% Planck13 Tab. 2 [31]

 0.1% WMAP 9yr [31, 32]

hemispherical variance asymmetry  0.1% Planck 15 Tab. 20 [7]

cold spot  1.0% Planck 15 Tab. 19 [7]

in harmonic space

quadrupole-octopole alignment  0.5% Planck 13 Tab. 7 [33]

` = 1, 2, 3 alignment  0.2% Planck 13 Tab. 7 [33]

odd parity preference `
max

= 28 < 0.3% Planck 15 Fig. 20 [7]

odd parity preference `
max

< 50 (LEE) < 2% Planck 15 Text [7]

dipolar modulation for ` = 2 – 67  1% Planck 15 Text [7]

Table 1. P-values in per cent of various unexpected features. In this table we define
the sense of p-values such that a small value means that it is unexpected. In some
cases this is di↵erent from the sense used by the Planck collaboration in their analysis.
The Planck analysis relies on just 1000 Monte Carlo simulations of the instrument and
pipeline and thus p-values below 0.2% cannot be resolved. Other groups have used
larger numbers of simulations, but those simulations do not include instrumental and
algorithmic e↵ects of the Planck analysis. LEE stands for look elsewhere e↵ect.

2.1. Low variance and lack of correlation

Historically, the first surprise, already within the COBE data, was the smallness of the

quadrupole moment. When WMAP released its data [29], it confirmed C
2

to be low,

however it was also shown that cosmic variance allows for such a small value [30].

Another rediscovery in the first release of WMAP [29] was that the angular two-

point correlation function at angular scales >⇠ 60 degrees is unexpectedly close to zero,

where a non-zero correlation signal was to be expected. This feature had already

been observed by COBE [34], but was forgotten by most of the community before

its rediscovery by WMAP. The two-point correlation function as observed with Planck

[7] is shown in Fig. 3.

The WMAP team suggested a very simple statistic [35] to characterize the vanishing

correlation function –

Sµ ⌘
Z µ

�1

d(cos ✓)[C(✓)]2, (6)

with µ ⌘ cos ✓ = 1/2. This measures the deviation from zero at ✓ > 60�.

Detailed further investigations of the lack of angular correlation have been presented in

[36, 37, 38, 32, 31]. Depending on the details of the analysis, p-values consistently below

Schwarz et al., 2015



- Look-elsewhere Effect (LEE)
LEE -> can lead to spurious false detections

- Anomalies have been found using a posteriori estimators

“extraordinary claims require extraordinary evidence”

- Various large-scale anomalies 
- Many non-cosmol. hypotheses tested and discarded!
 (systematics, galactic foregrounds, local effects, masks,…)
- Three data sets: COBE, WMAP, Planck 

very low p-value is extraordinary evidence?

- p-values are not so small

Arguments: in-favor vs. against CMB anomalies



Example of LEE



Pattern recognition:
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likely that the observed quadrupolar effect is the result of
incomplete handling of beam asymmetries. Beam asym-
metry generates an instrumental bipolar power spectrum
that is consistent with all 5 items above, and it is diffi-
cult to think of any other instrumental contribution that
satisfies these properties. However, we have not yet sim-
ulated the effects of asymmetric beams to confirm this
explanation. A full investigation of the effect of beam
asymmetry will be difficult and computer intensive.
While a detailed explanation of the quadrupolar effect

is pending, it is important to have as much confidence as
possible that a large anomaly in WMAP does not bias
the estimated power spectrum. It is reassuring (item 5
above) that the angle-averaged power spectrum appears
to be statistically isotropic, suggesting that the power
spectrum is “blind” to the effect (or, less sensitive to
beam asymmetries, assuming that is the cause). Fur-
thermore, if beam asymmetry does turn out to explain
the quadrupolar effect, then the analysis in Appendix B
of Hinshaw et al. (2007) shows independently that the
power spectrum bias due to beam asymmetry is small.
Nevertheless, it is is important to follow up on the studies
to date, and we plan to do so in the future.

10. CONCLUSIONS

In the context of this paper we take an “anomaly”
to refer to a statistically unacceptable fit of the ΛCDM
model to the Cl data, a statistically significant deviation
of the alms from Gaussian random phases, or correlations
between the alm. We are not concerned here with the
current uncertainty range of parameter values allowed by
the ΛCDM model or with whether an alternative model
is also an acceptable fit to the data.
Numerous claims of WMAP CMB anomalies have

been published. We find that there are a few valuable
principles to apply to assess the significance of suspected
anomalies: (1) Human eyes and brains are excellent at
detecting visual patterns, but poor at assessing proba-
bilities. Features seen in the WMAP maps, such as
the large Cold Spot I near the Galactic center region,
can stand out as unusual. However, the likelihood of
such features can not be discerned by visual inspection
of our particular realization of the universe. (2) Monte
Carlo simulations are an invaluable way to determine the
expected deviations within the ΛCDM model. Claims of
anomalies without Monte Carlo simulations are necessar-
ily weak claims. (3) Some parameters are weak discrim-
inants of cosmology because they take on a broad range
of values for multiple realizations of the same model. (4)
A posteriori choices can have a substantial effect on the
estimated significance of features. For example, it is not
unexpected to find a 2σ feature when analyzing a rich
data set in a number of different ways. However, to as-
sess whether a particular 2σ feature is interesting, one is
often tempted to narrow in on it to isolate its behavior.
That process involves a posteriori choices that amplify
the apparent significance of the feature.
Shortly after the WMAP sky maps became avail-

able, one of the authors (L.P.) noted that the initials
of Stephen Hawking appear in the temperature map, as
seen in Figure 17. Both the “S” and “H” are beautifully
vertical in Galactic coordinates, spaced consistently just
above the b = 0 line. We pose the question, what is the
probability of this occurrence? It is certainly infinitesi-

mal; in fact, much less likely than several claimed cos-
mological anomalies. Yet, we do not take this anomaly
seriously because it is silly. The Stephen Hawking ini-
tials highlight the problem with a posteriori statistics.
By looking at a rich data set in multiple different ways,
unlikely events are expected. The search for statistical
oddities must be viewed differently from tests of pre-
determined hypotheses. The data have the power to
support hypothesis testing rooted in ideas that are in-
dependent of the WMAP data. We can ask which of
two well-posed theoretical ideas is best supported by the
data. Much of the WMAP analysis happens in a dif-
ferent context asking, “What oddities can I find in the
data.”

Figure 17. The “SH” initials of Stephen Hawking are shown in
the ILC sky map. The “S” and “H” are in roughly the same font
size and style, and both letters are aligned neatly along a line of
fixed Galactic latitude. A calculation would show that the proba-
bility of this particular occurrence is vanishingly small. Yet, there
is no case to made for a non-standard cosmology despite this ex-
traordinarily low probability event. It is clear that the combined
selection of looking for initials, these particular initials, and their
alignment and location are all a posteriori choices. For a rich data
set, as is the case with WMAP , there are a lot of data and a lot
of ways of analyzing the data. Low probability events are guar-
anteed to occur. The a posteriori assignment of a likelihood for
a particular event detected, especially when the detection of that
event is “optimized” for maximum effect by analysis choices, does
not result in a fair unbiased assessment. This is a recurrent issue
with CMB data analysis, and is often a tricky issue and one that
is difficult to overcome.

For example, no one had predicted that low-l multi-
poles might be aligned. Rather, this followed from look-
ing into the statistical properties of the maps. Simula-
tions, both by the WMAP and others agree that this
is a highly unusual occurrence for the standard ΛCDM
cosmology. Yet, a large fraction of simulated skies will
likely have some kind of oddity. The key is whether the
oddity is specified in advance.
The search for oddities in the data is essential for test-

ing the model. The success of the model makes these
searches even more important. A detection of any highly
significant a posteriori feature could become a serious
challenge for the model. The less significant features dis-
cussed in this paper provided the motivation for consid-
ering alternative models and developing new analysis of
WMAP (and soon Planck) data. The oddities have trig-
gered proposed new observations that can further test
the models.
It is often difficult to assess the statistical claims. It

may well be that an oddity could be found that mo-
tivates a new theory, which then could be tested as a
hypothesis against ΛCDM. The data support these com-
parisons. Of course, other cosmological measurements
must also play a role in testing new hypotheses. No
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Figure 2. A visual inspection of the ILC map reveals four elon-
gated valleys of cooler temperature that stretch from about the
Galactic equator to nearly the south Galactic pole. Ridges of
warmer than average temperature lie between the cooler fingers.
These feature are a consequence of large scale power in the south-
ern sky. It is more difficult to discern as much large scale power
in the northern sky. Cold Spot I is located near the northernmost
part of one of the fingers, while Cold Spot II (within the red curve)
is near the southernmost part of another finger.

the data to a variety of tests.
Vielva et al. (2004) used a spherical Mexican hat

wavelet (SMHW) analysis on the first year WMAP
data to claim a detection of a non-Gaussian signal on
a scale of a few degrees, independent of the WMAP
observing frequency. Also applying the SMHW ker-
nel, Mukherjee & Wang (2004) claimed to detect non-
Gaussianity at ∼ 99% significance. The signal is a pos-
itive kurtosis in the wavelet coefficients attributed to a
larger than expected number of 3◦ to 5◦ cold spots in
the southern Galactic hemisphere. Mukherjee & Wang
(2004) found the same result for the ILC map. Following
up on this, Cruz et al. (2006) reported that the kurto-
sis in the wavelet distribution could be exclusively at-
tributed to a single cold spot, which we call Cold Spot
II, in the sky map at Galactic coordinates (l = 209◦,
b = −57◦), as indicated by the red curve in Figure 2.
Cruz et al. (2006) reported that only 0.2% of their sim-
ulations had this type of feature. The authors presented
a case that foregrounds and systematics were ruled out
as possible causes. Cruz et al. (2007b) reported that the
the same feature was detected in the WMAP 3-year
data at slightly higher confidence. Cruz et al. (2007a)
suggested that the cold spot could be the signature of a
topological defect in the form of a cosmic texture. This
suggestion was further discussed by Bridges et al. (2007)
and Cruz et al. (2008).
In theory, cold spots in the CMB can be produced by

the integrated Sachs-Wolfe (ISW) effect as CMB pho-
tons traverse cosmic voids along the line of sight. If Cold
Spot II is due to a cosmic void, it would have profound
implications because ΛCDM does not produce voids of
sufficient magnitude to explain it. Mota et al. (2008)
examined void formation in models where dark energy
was allowed to cluster and concluded that voids of suffi-
cient size to explain Cold Spot II were not readily pro-
duced. Rudnick et al. (2007) examined number counts
and smoothed surface brightness in the NRAO VLA Sky
Survey (NVSS) radio source data. They claimed a 20-
45% deficit in the NVSS smoothed surface brightness in
the direction of Cold Spot II. However, this claim was
refuted by Smith & Huterer (2008), who found no evi-
dence for a deficit, after accounting for systematic effects
and posterior choices made in assessing statistical sig-
nificance. Further, Granett et al. (2009) imaged several
fields within Cold Spot II on the Canada-France-Hawaii

Telescope and attained galaxy counts that rule out a 100
Mpc radius spherical void at high significance, finding no
evidence for a supervoid.
Zhang & Huterer (2009) analyzed the sky maps with

circular disk and Gaussian filters of varying widths. They
found no evidence for an anomalous cold spot at any
scale when compared with random Gaussian simulations.
They conclude that previous claims that Cold Spot II is
an unusual cold spot were the result of a fortuitous a pos-
teriori selection of the Mexican hat shape and weighting.
In conclusion, the evidence that Cold Spot II is sta-

tistically anomalous is not robust. Further, there is no
reliable indication of a super-void in the same direction.
Since the original claims were only significant at the ∼ 3σ
level, they can be plausibly biased by posterior data anal-
ysis choices: in this case, the angular scale and shape of
the wavelet filter. Marginalizing over such choices will
reduce statistical significance, but requires judgment in
its execution. Had the anomaly been significant at the
part per million level instead of a part per thousand, such
marginalization would be moot: the feature would have
been considered strong evidence for a possible failure of
the model.

Figure 3. The curve is a Blackwell-Rao estimate of the rela-
tive likelihood of the quadrupole power l(l+1)C2/2π in µK2 from
WMAP . The WMAP ILC data were smoothed to 5◦ and the
KQ85y7 mask was used, both degraded to res 5. The Gibbs sam-
pling produced a likelihood that has been marginalized over all
other multipoles. The highly non-Gaussian likelihood distribution
is characteristic of the lowest-l multipoles. For l > 32 the curves
become nearly Gaussian. The vertical line with the label “ΛCDM”
is the expected quadrupole from the full power spectrum ΛCDM
model best-fit to the WMAP data. The maximum likelihood of
the WMAP measured l = 2 quadrupole is at the vertical dotted
line. These two values are consistent to well within the 95% con-
fidence region. The WMAP quadrupole is not anomalously low.

4. THE LOW QUADRUPOLE AMPLITUDE

The CMB quadrupole is the largest observable struc-
ture in our universe. The magnitude of the quadrupole
has been known to be lower than models predict since
it was first measured by COBE (Bennett et al. 1992;
Hinshaw et al. 1996). It is also the large-scale mode that
is most prone to foreground contamination, owing to the
disk-like structure of the Milky Way, thus estimates of
the quadrupole require especially careful separation of
foreground and CMB emission. The ILC method of fore-
ground suppression is especially appropriate for large-
scale foreground removal, since the ILC’s complex small-
scale noise properties are unimportant in this context.

C. Bennett et al. 2010, 
arXiv:1001.4758

LEE



The form of the Universe

global properties: !
without boundary, !
connectedness, isometries,…

local properties: angles, !
distances, areas, parallelism,…

the geometry of the Universe?

the topology of the Universe?



Is space really flat? 
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important question

 Perhaps, it appears flattened and “looks like” isotropic

Why the universe should be flat and stat. isotropic?



Large angular scale CMB anomalies: a review

• Lack of large angular correlations, i.e.,

• Power spectrum deficit at large scales, i.e., 

• Quadrupole-Octopole alignment

• Hemispherical asymmetry

• Low variance

• etc. (low quadrupole, cold-spot,…)

✓ > 60�

` < 30



✓ > 60�

` < 30

Planck Collaboration: Cosmological parameters
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Fig. 1. The Planck 2015 temperature power spectrum. At multipoles ` � 30 we show the maximum likelihood frequency averaged
temperature spectrum computed from the Plik cross-half-mission likelihood with foreground and other nuisance parameters deter-
mined from the MCMC analysis of the base ⇤CDM cosmology. In the multipole range 2  `  29, we plot the power spectrum
estimates from the Commander component-separation algorithm computed over 94% of the sky. The best-fit base ⇤CDM theoretical
spectrum fitted to the Planck TT+lowP likelihood is plotted in the upper panel. Residuals with respect to this model are shown in
the lower panel. The error bars show ±1� uncertainties.

sults to the likelihood methodology by developing several in-
dependent analysis pipelines. Some of these are described in
Planck Collaboration XI (2015). The most highly developed of
these are the CamSpec and revised Plik pipelines. For the
2015 Planck papers, the Plik pipeline was chosen as the base-
line. Column 6 of Table 1 lists the cosmological parameters for
base ⇤CDM determined from the Plik cross-half-mission like-
lihood, together with the lowP likelihood, applied to the 2015
full-mission data. The sky coverage used in this likelihood is
identical to that used for the CamSpec 2015F(CHM) likelihood.
However, the two likelihoods di↵er in the modelling of instru-
mental noise, Galactic dust, treatment of relative calibrations and
multipole limits applied to each spectrum.

As summarized in column 8 of Table 1, the Plik and
CamSpec parameters agree to within 0.2�, except for ns, which
di↵ers by nearly 0.5�. The di↵erence in ns is perhaps not sur-
prising, since this parameter is sensitive to small di↵erences in
the foreground modelling. Di↵erences in ns between Plik and
CamSpec are systematic and persist throughout the grid of ex-
tended ⇤CDM models discussed in Sect. 6. We emphasise that
the CamSpec and Plik likelihoods have been written indepen-
dently, though they are based on the same theoretical framework.
None of the conclusions in this paper (including those based on

the full “TT,TE,EE” likelihoods) would di↵er in any substantive
way had we chosen to use the CamSpec likelihood in place of
Plik. The overall shifts of parameters between the Plik 2015
likelihood and the published 2013 nominal mission parameters
are summarized in column 7 of Table 1. These shifts are within
0.71� except for the parameters ⌧ and Ase�2⌧ which are sen-
sitive to the low multipole polarization likelihood and absolute
calibration.

In summary, the Planck 2013 cosmological parameters were
pulled slightly towards lower H0 and ns by the ` ⇡ 1800 4-K line
systematic in the 217 ⇥ 217 cross-spectrum, but the net e↵ect of
this systematic is relatively small, leading to shifts of 0.5� or
less in cosmological parameters. Changes to the low level data
processing, beams, sky coverage, etc. and likelihood code also
produce shifts of typically 0.5� or less. The combined e↵ect of
these changes is to introduce parameter shifts relative to PCP13
of less than 0.71�, with the exception of ⌧ and Ase�2⌧. The main
scientific conclusions of PCP13 are therefore consistent with the
2015 Planck analysis.

Parameters for the base ⇤CDM cosmology derived from
full-mission DetSet, cross-year, or cross-half-mission spectra are
in extremely good agreement, demonstrating that residual (i.e.
uncorrected) cotemporal systematics are at low levels. This is
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• Power spectrum deficit at large scales



Large angular scale CMB anomalies: a review
• Lack of large angular correlations, i.e.,

• Power spectrum deficit at large scales, i.e., 

• Quadrupole-Octopole alignment

• Hemispherical asymmetry

• Low variance

• Parity asymmetry, i.e.,  

• etc. (low quadrupole, cold-spot,…)

✓ > 60�
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quadrupole

intrinsic

modulation

modulated

WMAP

octopole

-33.8 23.9µK -37.1 37.1µK

-39.1 34.5µK -43.0 43.0µK

-18.2 18.2µK -33.7 33.7µK

FIG. 7. A realization of the multiplicative model where the
quadrupole (left column) and octopole (right column) exhibit
an alignment similar to WMAP. First row: intrinsic (unmodu-
lated) sky from a Gaussian random isotropic realization. Sec-
ond row (single column): the quadrupolar modulation with
f = �1 and w2 = �7 (see Eq. (21)) in the dipole direction.
Third row: the modulated sky of the observed CMB. Fourth
row: WMAP full-sky quadrupole and octopole. Adopted from
Ref. [40].

a factor of exp (16/2) and, at the same time, increase the
probability of obtaining a sky with more alignment (e.g.
higher angular momentum statistic) 200 times, to 45%;
see Fig. 7. Indeed, Groeneboom et al. [42], building on
the work of Groeneboom & Eriksen [43] and Hanson &
Lewis [44] and motivated by a model due to Ackerman
et al. [45], have identified a 9� quadrupolar power asym-
metry, recently confirmed by the WMAP team [46]; this
anomaly can, however, be fully explained by accounting
for asymmetric beams [47]. Recently, Hoftuft et al. [48]
found a greater than 3-� evidence for nonzero dipolar
modulation of the power.

B. Astrophysical explanations

One fairly obvious possibility is that there is a perni-
cious foreground that contaminates the primordial CMB
and leads to the observed anomalies. Such foregrounds
are, of course, additive mechanisms, in the sense of the
preceding section, and so su↵er from the shortcomings
described therein. Moreover, most such foregrounds are
Galactic, while the observed alignments are with respect
to the ecliptic plane. One would expect that Galactic
foregrounds should lead to Galactic and not ecliptic fore-
grounds. This simple expectation was confirmed in [14],
where we showed that, by artificially adding a large ad-
mixture of Galactic foregrounds to WMAP CMB maps,
the quadrupole vectors move near the z-axis and the nor-
mal into the Galactic plane, while for the octopole all

three normals become close to the Galactic disk at 90�

from the Galactic center. Therefore, as expected Galac-
tic foregrounds lead to Galactic, and not ecliptic, corre-
lations of the quadrupole and octopole (see also studies
by [49, 50]).
Moreover, in [14], we have shown that the known

Galactic foregrounds possess a multipole vector struc-
ture very di↵erent from that of the observed quadrupole
and octopole. The quadrupole is nearly pure Y22 in the
frame where the z-axis is parallel to the dipole (or ŵ(2,1,2)

or any nearly equivalent direction), while the octopole is
dominantly Y33 in the same frame. Mechanisms which
produce an alteration of the microwave signal from a rel-
atively small patch of sky — and all of the recent pro-
posals fall into this class — are most likely to produce
aligned Y20 and Y30. This is essentially because the low-`
multipole vectors will all be parallel to each other, lead-
ing to a Y

`0 in this frame.
A number of authors have attempted to explain the

observed quadrupole-octopole correlations in terms of a
new foreground — for example the Rees-Sciama e↵ect
[38, 51], interstellar dust [52], local voids [53], or the
Sunyaev-Zeldovich e↵ect [54]. Most if not all of these
proposals have a di�cult time explaining the anomalies
without severe fine tuning. For example, Vale [55] clev-
erly suggested that the moving lens e↵ect, with the Great
Attractor as a source, might be responsible for the extra
anisotropy; however Cooray & Seto [56] have argued that
the lensing e↵ect is far too small and requires too large
a mass of the Attractor.
It is also interesting to ask if any known or unknown

Solar system physics could lead to the observed align-
ments. Dikarev et al. [57, 58] studied the question of
whether solar system dust could give rise to sizable levels
of microwave emission or absorption. Surprisingly, very
little is known about dust grains of mm to cm size in
the Solar system, and their absorption/emission prop-
erties strongly depend on their chemical composition.
While iron and ice particles can definitely be excluded
to contribute at significant levels, carboneous and sili-
cate dust grains might contribute up to a few µK close
to the ecliptic plane, e.g. due to the trans-Neptunian ob-
ject belt. Such an extra contribution along the eclip-
tic could give rise to CMB structures aligned with the
ecliptic, but those would look very di↵erent from the ob-
served ones. On top of that, Solar system dust would
be a new additive foreground and could not explain the
lack of large angle correlations. Thus it seems unlikely
that Solar system dust grains cause the reported large an-
gle anomalies, nevertheless they are sources of microwave
absorption and emission and may become important to
precision measurements in the future.
Finally, it has often been suggested to some of us in

private communications that the anomalies may not re-
flect an unknown foreground that has been neglected,
but rather the “mis-subtraction” of a known foreground.
However, it has never quite been clear to us how this
leads to the observed alignments or lack or large angle

Quadrupole-Octopole alignment  

… planar and aligned  

Why is this a CMB anomaly? ) p < 0.5%
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Fig. 32. Consistency between component separation algorithms
as measured by the dipole modulation likelihood. The top
panel shows the marginal power spectrum amplitude for the 5�
smoothing scale, the middle panel shows the dipole modulation
amplitude, and the bottom panel shows the preferred dipole di-
rections. The coloured area indicates the 95% confidence region
for the Commander solution, while the dots shows the maximum-
posterior directions for the other maps.

analyses (Eriksen et al. 2007a; Hoftuft et al. 2009). Note that the
former was performed at a HEALPix resolution of Nside = 16 and
the latter at an angular resolution of 4.5� FWHM.

Fig. 31 shows marginals for A, q and n, as derived from the
Commander CMB solution for all smoothing scales. At least two
interesting points can be seen here. First, while there is clearly

5 6 7 8 9 10
Smoothing scale FWHM [degrees]

0
2

4
6

8

L
og

-l
ik

el
ih

oo
d

di
�
er

en
ce

,
�

ln
L

1�

2�

3�

Commander

NILC

SEVEM

SMICA

Fig. 33. Log-likelihood di↵erence between the best-fit dipole
modulation model and the fiducial isotropic model as a func-
tion of smoothing scale. Horizontal dashed lines indicate 1, 2,
and 3� thresholds.

significant scatter in the derived dipole modulation amplitude for
di↵erent smoothing scales, as originally pointed out by Hanson
& Lewis (2009), all curves appear to be consistent with a single
value of A ⇠ 0.07. No other single value fits all scales equally
well. Second, it is interesting to note that the low-` power spec-
trum derived here is consistent, but not without some tension,
with the fiducial spectrum, (q, n) = (1, 0), around 1.5–2�. In
particular, there appears to be a slight trend toward a steeper pos-
itive spectral index as more weight is put on the larger scales,
a result already noted by COBE-DMR. The same conclusion
is reached using the low-` Planck likelihood, as described in
Planck Collaboration XV (2014).

In Fig. 32 we compare the results from all four CMB solu-
tions for the 5� FWHM smoothing scale. Clearly the results are
consistent, despite the use of di↵erent algorithms and di↵erent
treatments of the Galactic plane, demonstrating robustness with
respect to the details of the analysis methods. Further, we also
note that these results are consistent with those derived from the
5-year WMAP ILCmap by Eriksen et al. (2007a), demonstrating
robustness across experiments. On the other hand, it is notable
that a higher dipole amplitude was found for the 3-year WMAP
ILC map using a larger mask at 9� FWHM.

In Fig. 33 we show the log-likelihood di↵erence between
the derived maximum-likelihood point and the isotropic model,
A = 0, as a function of smoothing scale. The power spectrum pa-
rameters are kept fixed at the best-fit values for both points, leav-
ing three additional parameters for the dipole model. The dashed
horizontal lines indicate the 1, 2, and 3� confidence regions for
three degrees of freedom. As has been noted previously in the
literature, these significance levels vary with smoothing scale.
Taken at face value, the results presented here are suggestive but
clearly not decisive, resulting in an unchanged situation with re-
spect to earlier reports. This is of course not unexpected, given
that WMAP is already strongly cosmic variance limited at these
angular scales.

The critical question is whether the trend seen at smaller an-
gular scales in Fig. 33 continues, or if the apparent likelihood
peak at 5� FWHM happens to be a local maximum. Hanson &
Lewis (2009), and later Bennett et al. (2011), address this ques-
tion through a computationally cheaper quadratic estimator, al-
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4. Tests of non-Gaussianity

There is no unique signature of non-Gaussianity, but the
application of a variety of tests over a range of angular
scales allows us to probe the data for departures from the-
oretically motivated Gaussian statistics. One of the more
important tests in the context of inflationary cosmology
is related to the analysis of the bispectrum. This is dis-
cussed thoroughly in Planck Collaboration XVII (2015),
and is therefore not discussed further in this paper. In this
section, we present the results from a variety of statistical
tools. Unless otherwise specified, the analyses are applied to
all four component separation products (Commander, NILC,
SEVEM, and SMICA) at a given resolution with the accompa-
nying common mask, and significance levels are determined
by comparison with the corresponding results derived from
the FFP8 simulations, with typically 1000 being used for
this purpose. Establishing the consistency of the results de-
rived from the di�erent component-separation techniques is
essential in order to be able to make robust claims about the
statistical nature of the observed temperature fluctuations,
and potential deviations from Gaussianity.

4.1. One-dimensional moments
In this section we consider simple tests of Gaussianity based
on the variance, skewness, and kurtosis of the CMB tem-
perature maps. Previous analyses found an anomalously low
variance in the WMAP sky maps (Monteserín et al. 2008;
Cruz et al. 2011), which was subsequently confirmed in an
analysis of the Planck 2013 data (PCIS13).

Cruz et al. (2011) developed the unit variance estimator
to determine the variance, ‡2

0

, of the CMB signal on the sky
in the presence of noise. The normalized CMB map, uX , is
given by

uX

i

(‡2

X,0

) = X
iÒ

‡2

X,0

+ ‡2

i,noise

, (2)

where X
i

is the observed temperature at pixel i and ‡2

i,noise

is the noise variance for that pixel. Although this esti-
mator is not optimal, Cruz et al. (2011) and Monteserín
et al. (2008) have demonstrated that it is unbiased and suf-
ficiently accurate for our purposes. The noise variance is
estimated from the noise simulations for each component-
separation algorithm. The CMB variance is then estimated
by requiring that the variance of the normalized map uX

is unity. The skewness and kurtosis can then be obtained
from the appropriately normalized map.

Figure 1 presents results for the variance, skewness, and
kurtosis determined from the data at a resolution of 5Õ,
N

side

= 2048. Good agreement between the component sep-
aration techniques is found, with small discrepancies likely
due to sensitivity to the noise properties and their variation
between methods.

Table 2 summarizes the lower-tail probabilities, defined
as the percentage of MC simulations that show a lower vari-
ance, skewness, or kurtosis than the observed map, for these
analyses. The results are in good agreement with PCIS13;
the skewness and kurtosis are compatible with simulations,
but the variance is marginally lower than in the simulations.

Although the variance is observed to be low, the re-
sults could still be a�ected by the presence of residual fore-
grounds at small scales in these maps, so that the true vari-
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Fig. 1. Variance, skewness, and kurtosis for the four di�erent
component-separation methods — Commander (red), NILC (or-
ange), SEVEM (green), and SMICA (blue) — compared to the dis-
tributions derived from 1000 Monte Carlo simulations.

Table 2. Lower-tail probabilities for the variance, skewness, and
kurtosis of the component-separated maps.

Probability [%]

Method Variance Skewness Kurtosis

Commander . . . . 3.2 17.2 35.3
NILC . . . . . . . . . 3.3 20.9 30.9
SEVEM . . . . . . . . 1.9 20.5 56.8
SMICA . . . . . . . . 1.4 21.1 48.2

SEVEM-100 . . . . 3.4 13.4 67.5
SEVEM-143 . . . . 2.4 16.9 61.2
SEVEM-217 . . . . 3.4 11.4 58.3

Table 3. Lower-tail probabilities for the N -pdf ‰

2 statistics
derived from the Planck 2015 component-separated maps at
N

side

= 16 and 32.

Probability [%]

N

side

Comm. NILC SEVEM SMICA

16 . . . . . . . . 24.7 26.2 25.4 24.5
32 . . . . . . . . 11.9 20.8 10.6 10.8

ance would be lower still. We assess this by application of
the estimator to the cleaned frequency maps SEVEM-100,
SEVEM-143, and SEVEM-217. The results, also presented in
Table 2, are similar to those found for the combined map,
although slightly less significant, which is most likely at-
tributable to higher noise in the cleaned frequency maps.

In conclusion, a simple statistical assessment of the
Planck 2015 data using skewness and kurtosis shows no
evidence for non-Gaussianity, although a low variance is
found, which we will readdress in Sect. 5.1.

4.2. Testing the multi-normality of the CMB
Under the assumption of Gaussianity, the probability den-
sity function (PDF) of the N -dimensional pixelized tem-
perature map is given by a multivariate Gaussian function:
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Fig. 18. Variance, skewness and kurtosis at Nside = 16, for the
U73 mask, CL58, CL37, ecliptic North, and ecliptic South (from
top to bottom). The di↵erent lines represent the four component
separation methods C-R (green), NILC (blue), SEVEM (red), and
SMICA (orange).

Table 20. Frequency dependence of the lower tail probablity for
the variance skewness and kurtosis at Nside = 16, using di↵erent
masks.

Probability

Mask 70 GHz 100 GHz 143 GHz 217 GHz

Variance
U73, fsky = 78% . . . . . . . . . . . 0.019 0.013 0.014 0.016
CL58, fsky = 58% . . . . . . . . . . 0.003 0.003 0.003 0.003
CL37, fsky = 37% . . . . . . . . . . 0.024 0.020 0.018 0.020
Ecliptic North, fsky = 39% . . . 0.001 0.002 0.001 0.001
Ecliptic South, fsky = 39% . . . 0.446 0.436 0.455 0.455

Skewness
U73, fsky = 78% . . . . . . . . . . . 0.045 0.016 0.024 0.015
CL58, fsky = 58% . . . . . . . . . . 0.254 0.205 0.162 0.157
CL37, fsky = 37% . . . . . . . . . . 0.503 0.471 0.468 0.515
Ecliptic North, fsky = 39% . . . 0.505 0.447 0.541 0.352
Ecliptic South, fsky = 39% . . . 0.015 0.006 0.009 0.006

Kurtosis
U73, fsky = 78% . . . . . . . . . . . 0.962 0.981 0.965 0.974
CL58, fsky = 58% . . . . . . . . . . 0.619 0.684 0.710 0.725
CL37, fsky = 37% . . . . . . . . . . 0.114 0.091 0.130 0.121
Ecliptic North, fsky = 39% . . . 0.180 0.096 0.203 0.180
Ecliptic South, fsky = 39% . . . 0.902 0.920 0.882 0.909

istence of such hemispherical asymmetry — in which a partic-
ular statistical measure is considered to change discontinuously
between two hemispheres on the sky — with the application of
Minkowski functionals to the WMAP data. Since the preferred
direction of Eriksen et al. (2004a) lies close to the ecliptic plane,
it was also demonstrated that the large-angular scale N-point cor-
relation functions showed a di↵erence in behaviour when com-
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Fig. 19. Variance, skewness and kurtosis at Nside = 16, for the
U73 mask, CL58, CL37, ecliptic North, and ecliptic South (from
top to bottom). The di↵erent lines represent the four considered
frequencies, namely 70 GHz (green), 100 GHz (blue), 143 GHz
(red), and 217 GHz (orange).

puted on ecliptic hemispheres. Many studies have subsequently
been undertaken focusing on hemispheres in the ecliptic coordi-
nate system, with Schwarz et al. (2004) particularly emphasizing
the connection. Hemispherical asymmetry has also been seen
with other measures of non-Gaussianity (Eriksen et al. 2004c,
2005; Räth et al. 2007a).

Here, we repeat the analysis of Eriksen et al. (2005) on the
Planck component separated data, smoothed and then down-
graded to Nside = 64, as described in Sect. 2. However, in this
section the N-point correlation functions are not averaged over
the full sky and depend on a choice of specific direction, thus,
they constitute tools to study statistical isotropy rather than non-
Gaussianity (Ferreira & Magueijo 1997). The latter study was
already presented in Sect. 4.3, where it was found that the re-
sults for the low resolution maps are the most deviant relative to
the MC simulations based on the Planck fiducial model.

The N-point correlation functions computed on the northern
and southern hemispheres determined in the ecliptic coordinate
frame and using the U73 mask are shown in Fig. 20. The cor-
relation functions for the four Planck maps are very consistent,
and the observed behaviour is in agreement with that seen in
the WMAP data (Eriksen et al. 2004a). Specifically, the northern
hemisphere correlation functions are relatively featureless (both
the 3- and 4-point functions lie very close to zero), whereas the
southern hemisphere functions exhibit a level of structure that is
in good agreement with the confidence regions computed from
the Gaussian simulations.

The probabilities of obtaining a value for the �2 statistic for
the Planck fiducial ⇤CDM model at least as large as the ob-
served values for di↵erent CMB component-separated maps are
presented in Table 21. The probabilities for the 3-point and 4-
point functions in the northern ecliptic hemisphere are especially
large, and in the case of the pseudo-collapsed configuration all
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Fig. 1. The Planck 2015 temperature power spectrum. At multipoles ` � 30 we show the maximum likelihood frequency averaged
temperature spectrum computed from the Plik cross-half-mission likelihood with foreground and other nuisance parameters deter-
mined from the MCMC analysis of the base ⇤CDM cosmology. In the multipole range 2  `  29, we plot the power spectrum
estimates from the Commander component-separation algorithm computed over 94% of the sky. The best-fit base ⇤CDM theoretical
spectrum fitted to the Planck TT+lowP likelihood is plotted in the upper panel. Residuals with respect to this model are shown in
the lower panel. The error bars show ±1� uncertainties.

sults to the likelihood methodology by developing several in-
dependent analysis pipelines. Some of these are described in
Planck Collaboration XI (2015). The most highly developed of
these are the CamSpec and revised Plik pipelines. For the
2015 Planck papers, the Plik pipeline was chosen as the base-
line. Column 6 of Table 1 lists the cosmological parameters for
base ⇤CDM determined from the Plik cross-half-mission like-
lihood, together with the lowP likelihood, applied to the 2015
full-mission data. The sky coverage used in this likelihood is
identical to that used for the CamSpec 2015F(CHM) likelihood.
However, the two likelihoods di↵er in the modelling of instru-
mental noise, Galactic dust, treatment of relative calibrations and
multipole limits applied to each spectrum.

As summarized in column 8 of Table 1, the Plik and
CamSpec parameters agree to within 0.2�, except for ns, which
di↵ers by nearly 0.5�. The di↵erence in ns is perhaps not sur-
prising, since this parameter is sensitive to small di↵erences in
the foreground modelling. Di↵erences in ns between Plik and
CamSpec are systematic and persist throughout the grid of ex-
tended ⇤CDM models discussed in Sect. 6. We emphasise that
the CamSpec and Plik likelihoods have been written indepen-
dently, though they are based on the same theoretical framework.
None of the conclusions in this paper (including those based on

the full “TT,TE,EE” likelihoods) would di↵er in any substantive
way had we chosen to use the CamSpec likelihood in place of
Plik. The overall shifts of parameters between the Plik 2015
likelihood and the published 2013 nominal mission parameters
are summarized in column 7 of Table 1. These shifts are within
0.71� except for the parameters ⌧ and Ase�2⌧ which are sen-
sitive to the low multipole polarization likelihood and absolute
calibration.

In summary, the Planck 2013 cosmological parameters were
pulled slightly towards lower H0 and ns by the ` ⇡ 1800 4-K line
systematic in the 217 ⇥ 217 cross-spectrum, but the net e↵ect of
this systematic is relatively small, leading to shifts of 0.5� or
less in cosmological parameters. Changes to the low level data
processing, beams, sky coverage, etc. and likelihood code also
produce shifts of typically 0.5� or less. The combined e↵ect of
these changes is to introduce parameter shifts relative to PCP13
of less than 0.71�, with the exception of ⌧ and Ase�2⌧. The main
scientific conclusions of PCP13 are therefore consistent with the
2015 Planck analysis.

Parameters for the base ⇤CDM cosmology derived from
full-mission DetSet, cross-year, or cross-half-mission spectra are
in extremely good agreement, demonstrating that residual (i.e.
uncorrected) cotemporal systematics are at low levels. This is

8
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In the last ~18 years of CMB-anomalies literature: !
- dozens of models (hypotheses, explanations,..)!
- hundreds of papers (data analyses &/ models) !
- thousands of citations 

What we have learned:!
(1) the model with chance to be the correct one, should 
explain all the large-scale anomalies, not just one or two !
(2) such model should have one global preferred axis

CMB anomalies vs. cosmic topology



Brief review: cosmic topology
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FIG. 5. Two-point angular correlation function, C(✓), com-
puted in pixel space, for three di↵erent bands masked with
the KQ75 mask (from WMAP 5 year data). Also shown is
the correlation function for the ILC map with and without
the mask, and the value expected for a statistically isotropic
sky with best-fit ⇤CDM cosmology together with 68% cosmic
variance error bars. Even by eye, it is apparent that masked
maps have C(✓) that is consistent with zero at ✓ >⇠ 60 deg.
We also show the C(✓) computed from the “o�cial” pub-
lished maximum likelihood estimator-based C`. Clearly, the
MLE-based C`, as well as C(✓) computed from the full-sky
ILC maps, are in significant disagreement with the angular
correlation function computed from cut-sky maps. Adopted
from Ref. [31].

skies had lower values of S1/2 than the observed one-year
WMAP sky.

Applying this statistic we have found that the two-
point function computed from the various cut-sky maps
shows an even stronger lack of power, for WMAP 5 year
maps significant at the 0.037%-0.025% level depending on
the map used; see Fig. (5). However, we also found that,
while C(✓) computed in pixel space over the masked sky
agrees with the harmonic space calculation that uses the
pseudo-C

`

estimator, it disagrees with the C
`

obtained
using the MLE (advocated in the 3rd year WMAP re-
lease [4]). The MLE-based C

`

lead to C(✓) that is low
(according to the S1/2 statistic) only at the 4.6% level.

There are actually two interesting questions one can
ask:

(i) Is the correlation function measured on the cut sky
compatible with cut-sky expectation from the Gaus-
sian random, isotropic underlying model?

(ii) Is the reconstruction of the full sky correlation func-
tion from partial information compatible with the
expectation from the Gaussian random, isotropic
underlying model?

Our results refer to the first question above. The second
question, while also extremely interesting, is more di�-
cult to be robustly resolved because the reconstruction
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FIG. 6. The two-point angular correlation function from the
WMAP 5 year results. Plotted are C(✓) for the ILC calcu-
lated separately on the part of the sky outside the KQ75 cut
(dashed line), inside the KQ75 cut (dotted line), and on the
part of the sky with at least on point inside the KQ75 cut
(dotted-dashed line). For better comparison to the full-sky
C(✓) (solid line), the partial-sky C(✓) have been scaled by the
fraction of the sky over which they are calculated. Adopted
from Ref. [31].

uses assumptions about statistical isotropy (see the next
subsection).
The little large-angle correlation that does appear in

the full sky maps (for example the solid, black line in
Fig. 5) is associated with points inside the masked region.
Shown in Fig. 6 are the normalized contributions to C(✓)
from di↵erent parts of the map. In particular, we see that
almost all of the contribution to the full sky two-point
angular correlation function comes from correlations with
at least one point inside the masked region. Conversely,
there is essentially no large-angle correlation for points
outside the masked region and even very little among the
points completely inside the mask. We also see that all
the curves cross zero at nearly the same angle, ✓ ⇠ 90�.
We have no explanation for these results though they
may point to systematics in the data.

C. Alternative Statistics

The two-point angular correlation function, C(✓), as
defined above in Eq. (15) is a simple pixel based measure
of correlations. It makes no assumptions about the un-
derlying theory, which can be taken as a feature or as a
flaw. On the positive side, Eq. (15) does not assume that
the standard model is correct and try to “force” it on the
data. On the negative side we are not utilizing the full
information available when comparing to the standard
model.
Various approaches have been taken to incorporate the
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expanded in terms of Legendre polynomials

hT (ê1)T (ê2)i ⌘ C(✓) =
1

4⇡

X

`

(2`+ 1)C
`

P
`

(cos ✓). (1)

Statistical independence implies that expectations of a
`m

with di↵erent ` and m vanish. In particular, the two-
point correlation function is diagonal in ` and m

ha⇤
`m

a
`

0
m

0i / �
``

0�
mm

0 . (2)

Statistical isotropy adds that the constant of proportion-
ality depends only on `, not m

ha⇤
`m

a
`

0
m

0i = �
``

0�
mm

0C
`

. (3)

The variance C
`

is called the angular power of the mul-
tipole `. The higher n-point correlation functions are
constrained in similar ways but, as we will see below,
are not expected to provide independent information if a
simple inflationary scenario was realized by nature.

B. Gaussianity

If inflation is driven by a single dynamically relevant
degree of freedom with appropriate properties (minimal
coupling, Minkowski vacuum in UV limit, etc.), then we
can reduce the quantization of matter and space-time
fluctuations during inflation to the problem of quantizing
free scalar fields. For free fields the only non-trivial ob-
ject is the two-point correlation (the propagator), and all
higher correlation functions either vanish or are just some
trivial combination of the two-point function. This prop-
erty is mapped onto the temperature field of the CMB. A
classical random field with these properties is a Gaussian
with mean T0 and variance C(✓). Thus the brightness
of the primordial CMB sky is completely characterized
by T0 and C(✓) (or C

`

). Note that evolution of pertur-
bations leads to deviations from Gaussianity that would
mostly be evident at very small scales (` � 100). More-
over, many inflationary models predict small deviations
from Gaussianity; these are described in other contribu-
tions to this volume [9, 10].

C. Scale-invariance

Another generic feature of inflation is the almost scale-
invariance of the power spectrum of fluctuations. This
can be understood easily, as the Hubble scale is ap-
proximately constant during inflation as the wavelengths
of observable modes are redshifted beyond the horizon.
Given that fluctuations of modes on horizon exit are re-
lated to the Hubble parameter, �� = H/2⇡, these modes
have similar amplitudes. However, scale-invariance is not
exact. In canonical slow-roll inflation models, the devi-
ation from exact scale-invariance is due to the evolution
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1.0
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angular 2-point correlation

FIG. 2. Mean and (cosmic) variance of the angular two-point
correlation function as expected from cosmological inflation
(arbitrary normalization). Only statistical isotropy, Gaus-
sianity and scale-invariance are assumed. Tensors, spectral
tilt, reionization and the integrated Sachs-Wolfe e↵ect are ne-
glected for the purpose of this plot. Comparison to the pre-
diction from the best-fit ⇤CDM model (Fig. 5) reveals that
these corrections are subdominant. Note that cosmic variance
errors at di↵erent values of ✓ are very highly correlated.

of the Hubble parameter during inflation, which is mea-
sured by the so-called first slow-roll function ✏1 ⌘ ḋH
where dH ⌘ H�1 is the Hubble distance. From the weak
energy condition ✏1 > 0, while ✏1 ⌧ 1 during slow roll
inflation.
At the level of the angular power spectrum, exact scale-

invariance implies the Sachs-Wolfe “plateau” (i.e. con-
stancy of l(l + 1)C

`

at low `) [11]

C
`

=
2⇡A

`(`+ 1)
. (4)

Here, again in the slow-roll parametrization, A ⇠
(Hinfl/MP)2T 2

0 /✏1. This neglects secondary anisotropies
like the late time, integrated Sachs-Wolfe e↵ect (particu-
larly important at very low `) and the contribution from
gravitational waves. Furthermore, inflation predicts a
small departure from scale invariance, which has recently
been detected (e.g. [6]), and which also contributes to a
tilt in the aforementioned plateau.

D. Cosmic variance

As we can measure only one sky, it is important to find
the best estimators of C

`

and C(✓). Let us for the mo-
ment assume that we are able to measure the primordial
CMB of the full sky, without any instrumental noise. We
also restrict ourselves to ` � 2, as the variance of the
monopole cannot be defined and the measured dipole is
dominated by our motion through the universe, rather
than by primordial physics. (Separation of the Doppler

full-sky, stat. iso.

WMAP, 2007
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Fig. 2. N -point correlation functions determined from the N

side

=64 Planck CMB 2015 temperature maps. Results are shown for
the 2-point, pseudo-collapsed 3-point (upper left and right panels, respectively), equilateral 3-point, and connected rhombic 4-point
functions (lower left and right panels, respectively). The red dot-dot-dot-dashed, orange dashed, green dot-dashed, and blue long
dashed lines correspond to the Commander, NILC, SEVEM, and SMICA maps, respectively. Note that the lines lie on top of each other.
The black solid line indicates the mean determined from 1000 SMICA simulations. The shaded dark and light grey regions indicate
the corresponding 68 % and 95 % confidence regions, respectively. See Sect. 4.3 for the definition of the separation angle ◊.
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where Ê
k

© fik/2/�(k/2 + 1).
Since this factorization is still valid in the weakly non-

Gaussian case, we can use the normalized MFs, v
k

, to focus
on deviations from Gaussianity, with a reduced sensitivity
to cosmic variance.

Apart from the characterization of the MFs using full-
resolution temperature sky maps, we also consider results
at di�erent angular scales. In this paper, two di�erent ap-
proaches are considered to study these degrees of freedom:
in real space via a standard Gaussian smoothing and degra-
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Fig. 2. N -point correlation functions determined from the N

side

=64 Planck CMB 2015 temperature maps. Results are shown for
the 2-point, pseudo-collapsed 3-point (upper left and right panels, respectively), equilateral 3-point, and connected rhombic 4-point
functions (lower left and right panels, respectively). The red dot-dot-dot-dashed, orange dashed, green dot-dashed, and blue long
dashed lines correspond to the Commander, NILC, SEVEM, and SMICA maps, respectively. Note that the lines lie on top of each other.
The black solid line indicates the mean determined from 1000 SMICA simulations. The shaded dark and light grey regions indicate
the corresponding 68 % and 95 % confidence regions, respectively. See Sect. 4.3 for the definition of the separation angle ◊.
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Since this factorization is still valid in the weakly non-

Gaussian case, we can use the normalized MFs, v
k

, to focus
on deviations from Gaussianity, with a reduced sensitivity
to cosmic variance.

Apart from the characterization of the MFs using full-
resolution temperature sky maps, we also consider results
at di�erent angular scales. In this paper, two di�erent ap-
proaches are considered to study these degrees of freedom:
in real space via a standard Gaussian smoothing and degra-
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Fig. 2. N -point correlation functions determined from the N

side

=64 Planck CMB 2015 temperature maps. Results are shown for
the 2-point, pseudo-collapsed 3-point (upper left and right panels, respectively), equilateral 3-point, and connected rhombic 4-point
functions (lower left and right panels, respectively). The red dot-dot-dot-dashed, orange dashed, green dot-dashed, and blue long
dashed lines correspond to the Commander, NILC, SEVEM, and SMICA maps, respectively. Note that the lines lie on top of each other.
The black solid line indicates the mean determined from 1000 SMICA simulations. The shaded dark and light grey regions indicate
the corresponding 68 % and 95 % confidence regions, respectively. See Sect. 4.3 for the definition of the separation angle ◊.
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Since this factorization is still valid in the weakly non-

Gaussian case, we can use the normalized MFs, v
k

, to focus
on deviations from Gaussianity, with a reduced sensitivity
to cosmic variance.

Apart from the characterization of the MFs using full-
resolution temperature sky maps, we also consider results
at di�erent angular scales. In this paper, two di�erent ap-
proaches are considered to study these degrees of freedom:
in real space via a standard Gaussian smoothing and degra-
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M3 = R2 ⇥ S1

the slab-space (3d):

the current Planck limit: L/�rec > 1.12

L/�rec = 0.5

slab topology

L/�rec = 1.15, 1.4, 1.9

(χ_rec = conformal radius of the CMB’s last scattering surface
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All these calculations assume only SW, but… T.F.

But, there is a problem!



only SW

SW+T.F.
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Conclusions
• CMB anomalies ’suggest’ -but not prove- that we 

could live in a statistically anisotropic universe with 
one axis of symmetry 

• We have to perform complete analyses for         
SW+T.F. in the slab-with-half-turn topology R2 ⇥ S1


