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Introduction

Soliton-fermion system

- A solitary wave (a wave packet or pulse) which travels at constant velocity.

- Scalar (soliton) field coupled to spinor (Dirac field).

- Fermion zero-modes trapped to soliton: Charge fractionization of the soliton(half-integer
fermion number).

- Fermion bound states and Majorana bound states (zero-modes).

- Bound states in-gap and in the continuum (BIC).

Unifying feature of solitons and trapped fermions

The deformed Toda model coupled to fermion appears in many physical problems, such as
particle physics (QCDq, string theory (D-branes),...), condensed matter physics (superfluidity,
superconductivity,...) and cosmological models (cosmic string).
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Introduction

Free Dirac fermion i@V — M¥ = 0,

Dirac sea for a massive particle. e particles, o antiparticles (‘holes’ in condensed matter).
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Introduction
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Left: Solitons (kinks) ®(x) for 8y = 7/2,600 = 7/3, 6y = 27/3. Notice that ®(F+o0) = 6.
Right: Spectra of fermion bound states
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The model

o Deformed Toda model coupled to Dirac field
It has relevant applications in superconductivity, soliton-particle duality
1 _ .
L = 50@ M + iy Oyah — Map P75 4) — V (D), (1)
V((I)) = A;cos (ﬁlq)) + As cos (ﬁgq)) + Az cos (ﬁgq)) (2)

Notice that V' (®) defines a multi-frequency potential
The real parameters 3 and §; (j = 1,2, 3) are the scalar self-couplings, respectively.

For V(®) = 0 (1) defines the integrable Toda model coupled to matter (Dirac) field (TM).
For V(®) # 0 being a family of potentials (deformed TM), each one defines different physics.

wy=t+x, and so, I = 5(8; £ 8;), and 8% = 97 — 07 = 49_9;. We use 5o = < " (Z) >

—1
’Yl=<_0i _Oi>,75=’70’71=((1) _01 ),andwz(;if), ¥ = ¢l
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Equations of motion for static solutions

So, let us consider the Ansatz for {,(a = 1,2, 3,4) being real fields

| G+ &)
veltt) = ¢ (@) +ig(a) | )

So, the system of equations of motion becomes

&+ E& — M&sin O + M&gcos @ =
& — E& + Mé&gsin O + ME&;cos SO =
€y — E &y + M&ysin SO + ME) cos fO =
§L+E§3—Mglsin5<l>+]\/[§gcosﬁ® =

O30 — 020 + 2MB[ (6165 + Eaka) cos B — (€161 — £265) sin §O] + V@] =

oo o o o
—_~ o~~~
(@)}

— — — — —

We searh for solutions such that ®(z) = —®(—x) with boundary conditions
O(£o0) = £¢,, P(0) =0, ¢ =const., &(£oo) =0, a=1,...,4; &(0) =& = const.
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Majorana zero-modes

Majorana zero-modes The Hamiltonian H satisfies "' HI' = H*, T = 4iv;. From
H¢ = E¢ and H*¢* = B¢ = ¢ = T¢*. For Dirac field 1, = e "¢ one defines vr = etBtex:

'QZ)E = Fﬂle (9)

One has charge conjugation symmetry of the system
Particles and holes will have identical spectra.

Particle-hole symmetry (in a relativistic model, a charge conjugation symmetry.)
Majorana fermion is defined for zero-mode solutions (£ = 0) one can write

% = Fw: (10)

This is a Majorana fermion. These states are well known to lead to interesting phenomena in
condensed matter.
The deformed TM above possess these solutions as fermion bound states.

v
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Solitons and tau function approach

Tau functions (For parameters 51 = 8, [2 =28, B3 =3p)

eB®  — i :—;, (11)
& = [:i]e‘wlﬂf]ewl (12)
& = —i{[fz]ew"’ [f]e”z} (13)
& = [g]e_w“r[f]ewg (14)
& = if [f]em [f]e”‘*h (15)

where 0y, 0,(a = 1,2,3,4) are real parameters.
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Solitons and tau function approach

For bound states consider the tau functions

7 = 14+ e_woe%x, =1+ ewoe%m, Kk, Bp € IR
7_51 = Plemﬁa T§2 = PQemja 7—53 = pSGHm, 7—§4 = P4€H$7
72/51 = plelm% 72/52 = erHx7 7753 = ;036'%7 :7\—? = P4€m:7
k and 6y € IR. The fermion components become
210,
f _ (_Z')afl enxfiea 1 + (_1)1171 ! a 1.2
e Pa 1+ e2rz—i0o - L

&i(z) = —0&1(—x), &(x) = 0&(—x). Notice that &, € R.
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Solitons and tau function approach Kinks and bound state fermions

Kinks
O(x) = %arctan [tan (%0) tanh (kz)|, 6p € IR The asymptotic values ®(+o00) = :l:%O
() - fo=21/3
| o 6o =n/2
S memn
I/
/
A

The kinks ®(z) for
{00 = /2, & = 0.656, 0; = 0.76, O = 0.5}, {0 = /3, k = 1.56, 61 = 0.87, 6 = 1.7},
{6p =27/3, k =1.96, 1 = 0.14, 6, = 0.85}, B =1 and & = 0.5. Notice that ®(+o0) = 6.
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Solitons and tau function approach Bound state fermions

Positive parity bounds

The bound state components for positive

parity 0 = +1. Plotted for parameters:
&0, p1 = 0.41, po = —0.64, 6, = 0.14, 63 = 0.85, k = 1.96, 6y = 27 /3. Notice that

§i1(—x) = —&(z) and &(—x) = +&3(2).
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Solitons and tau function approach Bound state fermions

Negative parity bounds

N
: *" The bound state components for negative

~_/

parity 0 = —1. Plotted for parameters:
&, p1 = 0.41, po = —0.64, 6, = 0.14, 63 = 0.85, k = 1.96, 6y = 27 /3. Notice that

§1(—z) = +&(z) and &(—2) = —&3(w)
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Energies F

Values of E: roots of second order polynomial

[4k? — M?sin® (6,)|E? + Mo[4x® — 2M? sin? 0, — kMo sin (20,)|E —
M?sin ,[26 Mo cos 6, — (k* — M?)sin6,] = 0. (20)

This is a second order polynomial in the variable E. So the exact solutions become
E:(ta) — oM+ %{Q[UZ‘ZCOSGU]-FA{(l:tQU) sin&o}

2
1—(£2)2sin? 0o
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Bound state energies E Bound states
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The bound states for 6y = 7/2 and o = +1(left) and o = —1(right).

-1.0*"

0.5 1.0 m

There is a pair of states

ralated by 0 -+ —0, k — —k, E — —FE (a consequence of the particle-hole symmetry of the

model). For each parity notice the appearance of two fermion zero-modes(Majorana bound

states for £ = 0).
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Bound state energies E Bound states

=

6,=71/3, o0=+1 e 6o=n1/3, o0=-1 n wp
E * x E * 6,=— o=-1
N :4 o= e ;4 .
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The bound states for 8y = /3 and 0 = +1(left) and 0 = —1(right). There is a pair of states
ralated by 0 -+ —0, k — —k, E — —FE (a consequence of the particle-hole symmetry of the
model). For each parity notice the appearance of two fermion zero-modes (Majorana bound

states for £ = 0).
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Bound state energies E Bound states

The bound states for 6y = 27/3 and parities o
of states ralated by 0 - —0, K - —k, E —

6o=271/3, o=+1 o 0,=271/3, 0=-1 5
E = o=+l P E x o=l 2
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= +1(left) and ¢ = —1(right). There is a pair
—FE (a consequence of the particle-hole

symmetry of the model). Notice the appearance of the fermion zero-modes (Majorana bound
states for E = 0). Remarkably, for each parity sector there are two states in the continuum

(BIC) (i.e. statess.t. E > +M or E < —M, with £M being the threshold states) for
energies £ = +1.01 and E = +1.1, respectively.

Majorana zero-modes, in-gap and BICs.

19 de dezembro de 2021

17 /20



Bound state energies E Bound states

D(x)

The bound state plots for E = 0(zero-modes) and 6y = 27/3 and parities o = +1(left) and
o = —1(right).

Yy =TY*
Case | (= —im) & =—&, & =4E&,
Case Il (T' =i71) &1=¢&, &=-&
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@ Fermion zero modes and topological defects: Drastic change of fermionic vacuum
Defect itself in some cases acquires fermionic charge and half-integer spin
Quantum statistics of defect is reversed: becomes a fermion
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The bound state energies when M = 1.The signs + indicate the parity of the bound states. 6
is the asymptotic value of the soliton ®. p; parameter of the fermion bound state.
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Some conclusions and future prospects

@ The deformed Toda model coupled to fermion has a rich spectra.
The spectra comprise: Bound states in-gap (and zero-modes ) and in the continuum.
The appearance of Majorana fermions due to particle-hole symmetry.

°
°

@ The model possesses analytical solutions through the tau functions approach.

@ The analytical solutions incorporate the back reaction of the fermion on the soliton.
°

Potential applications in cosmology and condensed matter physics (quantum computation
with majorana fermions).

References

HB, H.F. Callisaya, J.PR. Campos, Nuclear Physics B 950 (2020) 114852.
HB. arXiv:1210.7233 [hep-th]

HB. Nuclear Physics B 596 (2001) 471.

HB. Phys. Rev. D 66(2002)127701.

T —

_ Majorana zero-modes, in-gap and BICs. 19 de dezembro de 2021 20/20




	Outline
	Introduction
	The model
	Equations of motion for static solutions
	Majorana zero-modes
	Solitons and tau function approach
	Kinks and bound state fermions
	Bound state fermions
	Bound state fermions

	Bound state energies E
	Bound states

	Dirac spectra
	Some conclusions and future prospects

