
QCD Trace Anomaly at the Interior
of Twin Neutron Stars
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1. Current Paradigm of Particle Physics
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The Standard Model of Particle Physics
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Collider Experiments: LHC at CERN
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Collider Experiments: LHC at CERN

[CMS webpage, 2023]
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Brief History of Nuclear-Particle Physics
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QCD will make 52 years
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Quantum Chromodynamics (QCD)

[Wilczek, 2000]
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*Notable Property: Asymptotic Freedom

Nobel Prize of Physics 2004 - Wilczek/Gross and Politzer

[Wilczek, Phys. Today (2000)]
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*Notable Property (?): Color Confinement

Light and Heavy Hadron Masses [Durr et al., Science (2008)]
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Hardest Millenium Unsolved Problem:

[As of 25/02/2025]
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Non-perturbative QCD Vacuum Structure

We show QCD animations obtained by [D. Leinweber, 2003-2004]:

The Euclidean Action Density (or Energy Density)

SE (~x , t) =
1

2
F ab
µν (~x , t)F ba

µν(~x , t) = Tr
(
~E 2(~x , t) + ~B2(~x , t)

)
Flux tubes in QCD ground-state vacuum fields:

V (r) = V0 −
α

r
+ σr (Cornell Potential).
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2. Pulsating Source of Radiation → Pulsar

[https://cnx.org/contents/v-2lbQlC@10/Pulsars-and-the-Discovery-of-
Neutron-Stars]
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Stages of stellar evolution (very simplified plot!)

Nuclear-matter formation through gravitational-collapse processes
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Example: The famous Crab nebula

This nebula contains a fast rotating neutron star
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Pulsar Mass Observations [Lattimer, 2012]
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Maximal mass NS constraint

Mass limit of ∼ 2M� for NS in binary systems [Demorest, 2010].
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Radii data by NICER for canonical and maximal NS

Bands of data from NICER (Neutron Star Interior Composition Explorer)
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Stellar Structure: The TOV Equations

Tolman (1934) and Oppenheimer with Volkov (1939) derived the
equations for hydrostatic equilibrium in relativistic stars in order to
obtain their, in principle, observable masses and radii.

These equations are

dP

dr
= −GM (r)ε(r)

r2

[
1 +

P(r)

ε(r)

] [
1 +

4πr3P(r)

M (r)

] [
1− 2GM (r)

r

]−1

,

dM

dr
= 4πr2ε(r),

with boundary conditions + physical conditions

P(r = 0) = P0, M (r = 0) = 0, P(r = R) = 0, M (R) = M.

To be solved consistently, one needs the microphysics input called
Equation of State (EoS): P = P(ε) or ε = ε(P).
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The Oppenheimer-Volkov limit (1939)

They modeled NS as a gas of relativistic degenerate neutrons in
hydrostatic equilibrium with gravity, thus obtaining

Then, interactions + new phases are important !
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Neutron-star interiors with exotic phases

[Weber, 2012]
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Several existing EoS in the literature

[J. Lattimer, 2005]
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Several different behaviors in the MR diagram

[J. Lattimer, 2005]
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What about their dynamical stability?

By Newton’s 2nd law one has

m
d2

dt2
x = −dV

dx

which becomes the following if assuming small perturbations ξ(t) around a
position of mechanical equilibrium xA,B (a constant), i.e.
x(t) = xA,B + ξ(t) +O(ξ2):

m
d2

dt2
ξ = −

(
∂2V

∂x2

)
xA,B

ξ.

Now, assuming a harmonic perturbation one would use as a reasonable
ansatz ξ(t) ∝ exp(±iωA,Bt), thus producing

ω2
A,B ≡

1

m

(
∂2V

∂x2

)
xA,B
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What about their dynamical stability?

[J. Hartle’s ‘Gravity’, 2003]

José C. Jiménez (CBPF) QCD Trace Anomaly in Twin Neutron Stars 26 / 53



Example: The Famous 2D Pendulum

For this well-known oscillating problem, one has a potential energy of the
form

V (θ) = mgL cos θ,

thus giving

ω2 < 0, for θ ∈ [π/2, 3π/2].
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Relativistic Stellar Stability: General

Defining ∆r/r ≡ ξ and ∆P as the independent variables for the pulsation
problem, one gets the coupled differential equations [Gondek et al., 1997]:

dξ

dr
= −1

r

(
3ξ +

∆P

ΓP

)
− dP

dr

ξ

(P + ε)
,

and

d∆P

dr
= ξ

{
ω2eλ−ν(P + ε)r − 4

dP

dr

}
+

ξ

{(
dP

dr

)2 r

(P + ε)
− 8πeλ(P + ε)Pr

}
+

∆P

{
dP

dr

1

P + ε
− 4π(P + ε)reλ

}
,

where ω is the oscillation frequency.
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Relativistic Stellar Stability:
1st-order Phase Transitions in Hybrid Neutron Stars

[G. Lugones and A. G. Grunfeld, 2021].José C. Jiménez (CBPF) QCD Trace Anomaly in Twin Neutron Stars 29 / 53



3. Phase diagram (cartoon) of QCD

[Drischler et al., 2021].
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Thermal and dense QCD:
Simple prescription but a challenging calculation

The total pressure of a QCD can be obtained from

P(T , {µi}) = T log

∫
Dψ̄DψDAµe−

∫
d3x

∫ 1/T
0 dτLEQCD .

For T 6= 0 and µ . T : Lattice-gauge-field theory methods apply.

For µ & T : Unfeasible due to the fermionic sign problem.
In general, this is an example of the NP 6= P conjecture
proposed as a Millenium Problem still lacking a proof [arXiv:
0408370, 2007.05436].

Perturbative control at low densities (chiral effective field theory) and
at ultra-high densities (perturbative QCD through
αs(µ) ∼ 1/ log(µ2)), both in the cold limit.
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The lattice QCD equation of state at finite ‘T’

[A. Bazavov et al., 2014]
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Chiral Effective (Perturbation) Theory

Hierarchy of chiral nuclear interactions up to fifth order
in the chiral expansion [C. Drischler et al., 2010].
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Cold and dense perturbative QCD (pQCD)
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Ex.: Constraining the neutron star equation of state

[Nature Phys. 16 (2020) 9, 907-910]
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Ex.: Constraining the neutron star equation of state

Equations of state for QCD matter
[Annala et al., Nature Phys. 2020]
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Ex.: Constraining the neutron star equation of state

Quark-matter core masses in NSs
[Annala et al., Nature Phys. 2020]
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4. Some Recent Related Work

[JCJ et al., 2024]
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Motivation

Phase boundaries and EoS (left)
and corresponding M–R diagram (right) [Ecker et al., 2402.11013]
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Motivation

Dynamical general-relativistic twin-star formation
[Naseri et al., 2406.15544]
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Twin-star matter essentials

Categories of twin stars according to their M’s
[J-E Christian et al., Eur. Phys. J. A (2018) 54:28]

José C. Jiménez (CBPF) QCD Trace Anomaly in Twin Neutron Stars 41 / 53



Trace anomaly in dense matter

QCD trace anomaly as measure of breaking conformal invariance:

ηµνT
µν
QCD ≡ Tµ

µ =
βQCD

2g
G a
µνG

µν
a + (1 + γm)

∑
f

mf qf qf .

Thermal/dense case: 〈
Tµ
µ

〉
µB ,T

= ε− 3P.

Normalized thermal/dense case:

∆ ≡
〈Tµ

µ 〉µB ,T
3ε

=
1

3
− P

ε
.

Causality (P = ε, i.e. c2
s = 1) and non-relativistic (P � ε) limits

−2

3
(≈ −0.667) ≤ ∆ <

1

3
(≈ 0.333).
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Trace anomaly in neutron-star interiors

Trace anomaly behavior with different NS data
[Y. Fujimoto et al., PRL 129, 252702 (2022)]
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In-medium Trace Anomaly in QCD Matter

Behavior of ∆ for different kinds of extreme matter
[J. C. J. et al., 2408.11614]
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Twin-star Matter and Seidov’s Criterium

Constant-speed-of-sound parametrization for the equation of state

ε(P) =

{
εH(P) P < Pt ,

εH(Pt) + ∆ε+ s−1(P − Pt) P > Pt .

Seidov’s criterium to ensure the twin-star branch in the MR diagram

∆ε ≥ ∆εcrit ≡
1

2
εt +

3

2
Pt .

Particular set of parameters (in units of MeV fm−3) used

Category εmax
H = εt εmin

Q Pt ∆ε c2
s

I 333.08 607.34 70 274 1

II 333.08 878.88 70 545 1

III 263.73 441.62 30 178 1

IV 212.91 370.85 10 157 1
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Studied Twin-Star Equations of State

Family of EoSs for Category I-IV stable twin stars with rapid conversions.
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M–R for rapid Category II twin stars
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∆ for rapid Category II twin stars
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M–R for slow Category II twin stars
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∆ for slow Category II twin stars
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Some insights for dense QCD

Conjecture of ∆ > 0 (Fujimoto et al., 2022) through

ε− 3P

Pideal
= µB

dNeff

dµB
> 0,

where Neff ≡ P/Pideal and Pideal ≡ NcNf
µ4
B

12π2 .

In our case, a finite latent heat, Q, is present:

Q = µc∆nB =
〈
Tµ
µ (µ+

B → µc)
〉

Q
−
〈
Tµ
µ (µ−B → µc)

〉
H
,

or equivalently

Q

µ4
c

= µc

[(
dNQ

eff

dµ+
B

)
−
(
dNH

eff

dµ−B

)]
µ±B→µc

.
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Summary and Outlook

The standard model of particle physics is better to be understood as
an effective theory.

Color confinement and (hadron) mass generation from QCD (from an
analytic viewpoint) are the hardest and relevant questions of
modern theoretical physics.

Multimessenger astrophysics is expected to give insights into the
building and constraining of the equation of state for QCD matter.

The modern paradigm in QCD is that even if we don’t have full
answers, insights should be gained in every possible way.
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But don’t forget ...
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