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Tight binding Beginnings

Hamiltonian with s orbitals

Finite square lattice

Ĥ =
∑
i,j

|i, j〉E0 〈i, j| −∑
i,j

(|i, j〉 tx 〈i− 1, j| − |i, j〉 tx 〈i+ 1, j|)−

∑
i,j

(|i, j〉 ty 〈i, j − 1| − |i, j〉 ty 〈i, j + 1|)

where E0 are s orbitals energy in each atomic site, tx < 0 and
ty < 0 are coupling energy between first near neighboors in x and
y directions, respectively. For a square lattice tx ≈ ty.
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Tight binding Beginnings

Tight binding
Matrix Hamiltonian

Finite square lattice

H =


E0 tx 0 ty 0 0 0 0 0
tx E0 tx 0 ty 0 0 0 0
0 tx E0 0 0 ty 0 0 0
ty 0 0 E0 tx 0 ty 0 0
0 ty 0 tx E0 tx 0 ty 0
0 0 ty 0 tx E0 0 0 ty
0 0 0 ty 0 0 E0 tx 0
0 0 0 0 ty 0 tx E0 tx
0 0 0 0 0 ty 0 tx E0


1,1 1,2 1,3tx tx

ty ty ty

2,1 2,2 2,3tx tx

ty ty ty

3,1 3,2 3,3tx tx
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Magnetic field Peierls approximation

Magnetic Field
Magnetic phase

Peierls approximation

k→ k + e

~
A→ (kx, ky) + 2π

h
e

(0, xB, 0)

k · r →k · r + e

~
A · r → kxx+ kyy + 2π

φe
xBy

→ kxx+ kyy + 2π φ
φe
→ kxx+ kyy + 2π p

q
,

where,

φ = xyB , magnetic flux ∧ φe = h

e
, quantum magnetic flux
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Magnetic field Peierls approximation

Magnetic Field
Matrix Hamiltonian with magnetic phase

Finite square lattice

H =


E0 tx 0 Ty 0 0 0 0 0
tx E0 tx 0 Ty 0 0 0 0
0 tx E0 0 0 Ty 0 0 0
Ty 0 0 E0 tx 0 Ty 0 0
0 Ty 0 tx E0 tx 0 Ty 0
0 0 Ty 0 tx E0 0 0 Ty
0 0 0 Ty 0 0 E0 tx 0
0 0 0 0 Ty 0 tx E0 tx
0 0 0 0 0 Ty 0 tx E0

 Ty = tye
i2π(p/q)

1,1 1,2 1,3tx tx

Ty Ty Ty

2,1 2,2 2,3tx tx

Ty Ty Ty

3,1 3,2 3,3tx tx
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Magnetic field Peierls approximation

Magnetic Field
Hofstadter butterfly

Finite square lattice
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Magnetic field Peierls approximation

Magnetic Field
Hofstadter butterfly: D. R. Hofstadter, Phys. Rev. B 14, 2239 (1976)

Infinite square lattice
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Magnetic field Peierls approximation

Magnetic Field
Bulk and edge eigenstates

Bulk eigenstates
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Magnetic field Peierls approximation

Magnetic Field
Bulk and edge eigenstates

Edge eigenstates
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Spin Orbit Coupling Intrinsic SOC and Rashba SOC

Hamiltonian with s and p orbitals
Spin orbit coupling

Hamiltonian orbital

Horb(k) =

(
εs + 2ts(Cx + Cy) −2itspSx −2itspSy

+2itspSx εp + 2tppσCx + 2tppπCy 0
+2itspSy 0 εp + 2tppπCx + 2tppσCy

)
,

where Cx = cos kxa, Cy = cos kya, Sx = sin kxa and Sy = sin kya. And on the
other hand, ts, tsp, tppσ , tppπ are the coupling energy between s, sp, ppσ and ppπ
orbitals, and, finally, εs and εp are s and p orbitals energy, respectively.
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Spin Orbit Coupling Intrinsic SOC and Rashba SOC

Hamiltonian with s and p orbitals
Spin orbit coupling

Intrinsic SOC Hamiltonian

The Lz operator is

Lz = ~

(
1 0 0
0 0 0
0 0 −1

)

⇒ L
(3)
z = ~

(
0 0 0
0 0 −i
0 i 0

)
,

where the transformation matrix is

U =
1
√

2

(
1 0 −1
i 0 i

0
√

2 0

)
.

The intrinsic SOC Hamiltoniano is

H
(↑)
SOC(k) = +

λI

2
L

(3)
z

H
(↓)
SOC(k) = −

λI

2
L

(3)
z ,

where λI is the intrinsic SOC constant.

H↑↑(k) = Horb(k) +
λI

2
L

(3)
z ,

H↓↓(k) = Horb(k)−
λI

2
L

(3)
z .

? C. L. Kane y E. J. Mele; Phys. Rev.
Lett. 95, 226801 (2005).

R. A. Montalvo & P. H. Rivera (DAFES-FCF-UNMSM)Square lattice toy models for topological analysis 2025-12-18 11 / 24



Spin Orbit Coupling Intrinsic SOC and Rashba SOC

Hamiltonian with s and p orbitals
Spin orbit coupling

Rashba SOC Hamiltonian

HR(k) =
~2

2m2
ec

2
(∇V × p) · σ = λR

(
0 −2 sen kya +2 sen kxa

+2 sen kya 0 0
−2 sen kxa 0 0

)
,

finally,

H(k) =
(
H↑↑(k) H↑↓(k)
H↓↑(k) H↓↓(k)

)
,

where

H↑↓(k) = HR(k), H↓↑(k) = H
†
R

(k).

? E. Rashba, Sov. Phys. Solid State 2, 1109 (1960).

? Y. A. Bychkov and E. Rasbha, P. Zh. Eksp. Teor. Fiz. 39, 66 (1984).
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Spin Orbit Coupling Intrinsic SOC and Rashba SOC

Hamiltonian with s and p orbitals
Spin orbit coupling
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Spin Orbit Coupling Intrinsic SOC and Rashba SOC

Hamiltonian with s and p orbitals
Spin orbit coupling
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Spin Orbit Coupling Intrinsic SOC and Rashba SOC

Hamiltonian with s and p orbitals
Spin orbit coupling
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Spin Orbit Coupling Intrinsic SOC and Rashba SOC

Hamiltonian with s and p orbitals
Spin orbit coupling
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Topology Chern number

Topology
Chern number
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Topology Chern number

Topology
Chern number

Conductancia

C = 1
2π

∫
BZ

d2kF

BZ: Brillouin zone.

σxy = −e
2

h
C

? D. Thouless, M. Kohmoto, M. Nightingale, y M. den-Nijs; Quantized Hall
conductance in a two-dimensional periodic potential, Phys. Rev. Lett. 49(6),
405 (1982).
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Topology Chern number

Deep learning
Neural networks

QWZ Hamiltonian

H(kx, ky) = sen(kxa)σx + sen(kya)σy + (es + cos(kxa) + cos(kya))σz

σxy =

{ 1/2π 0 < es < 2,
−1/2π 2 < es < 4,

0 es < 0 ∨ es > 4.
? Xiao-Liang Qi, Yong-Shi Wu, and Shou-Cheng Zhang; Topological quantiza-
tion of the spin Hall effect in two-dimensional paramagnetic semiconductors,
Phys. Rev. B74, 085308 (2006).
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Topology Chern number

Deep learning
Neural networks

Convolutional neural networks

A Convolutional Neural Network (CNN) is a specialized deep learning
model for processing grid-like data, primarily images, mimicking the
human visual cortex to automatically learn hierarchical features
(edges, shapes, objects) through convolutional layers with filters
(kernels) and pooling, making it highly effective for computer vision
tasks like image classification, object detection, and facial recognition.
CNNs use learnable weights in convolutional layers to detect patterns,
followed by pooling to reduce dimensionality, and fully connected
layers for final classification, enabling end-to-end learning without
manual feature engineering.
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Topology Chern number

Deep learning
Neural networks

Convolutional Neural Networks and Others

1 Wenqian Lian, Sheng-Tao Wang, Sirui Lu, Yuanyuan
Huang, Fei Wang, Xinxing Yuan, Wengang Zhang,
Xiaolong Ouyang, Xin Wang, Xianzhi Huang, Li He,
Xiuying Chang, Dong-Ling Deng, and Luming Duan;
Machine Learning Topological Phases with a Solid-State
Quantum Simulator, Phys. Rev. Lett. 122, 210503 (2019).

2 Huili Zhang, Si Jiang, Xin Wang, Wengang Zhang, Xianzhi
Huang, Xiaolong Ouyang, Yefei Yu, Yanqing Liu,
Dong-Ling Deng, and L.-M. Duan; Experimental
demonstration of adversarial examples in learning
topological phases, Nature Communications 13, 4993
(2022).
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Topology Chern number

Deep learning
Neural networks: Training results
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Topology Chern number

Deep learning
Neural networks: Data and predictions
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Conclusion

Conclusion
Square lattice as toy model even we use to learn fundamental physics.

¡Hay, hermanos, muchísimo que hacer!

Los procesadores cuánticos de Google, IBM y Rigetti usan
junturas Josephson.

Microsoft tiene procesadores cuánticos basados en los
fermiones de Majorana y comparten su uso por el precio
módico de US$135,000/mes.

Google, Amazon, Apple han declarado que tienen Tensor
Neural Processing Units.
Qant produce NPU fotónicos.
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