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Qudits: Quantum system with d levels. 

87Rb

Dianne P. O’Leary  
et. al. , PRA 74, 
032334 (2006).

Fótons: Orbital angular 

momentum, polarization,

time, linear momentum.
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L. E. Oxman and A. Z. Khoury, Physical Review Letters, 106:240503, 2011.



Let´s consider the most general two-qudit

pure state:

and organize the coefficients on a matrix 𝛼, which admits the
polar decomposition:

Hermitian matrix

SU(𝑑) matrix

One-qudit dimension

A. Z. Khoury, L. E. Oxman, B. Marques, A. Matoso, and S. Pádua; 
Phys. Rev. A, 87:042113, 2013.
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Lets consider the most general two-qudit pure state:

and organize the coeficientes on a matrix 𝛼, wich admits the
polar decomposition:

Now we consider an evolution given by local unitary operations, 
which preserves the polar decomposition

;

Hermitian matrix

SU(𝑑) matrix

 and finally we consider a cyclic evolution

One qudit dimension

[2] A. Z. Khoury, L. E. Oxman, B. Marques, A. Matoso, and S. Padua; 
Phys. Rev. A, 87:042113, 2013.



Using the polar decomposition and spliting 𝛾 for each sector of it:

FTP

From the properties of the Hermitian and the SU(𝑑) matrices, one
can show that:

So, the phase acquired after a cycle is:

[3] Pérola Milman and Rémy Mosseri. Physical Review Letters, 90:230403, 2003.
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Interference between a non-evolved and an evolved state:

ii



Interference between a non-evolved and an evolved state:

Let’s take

𝑈𝑠 and 𝑉𝑖 diagonals

i

ii
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SU(d) operations

𝑈𝑠(𝑡) =
𝑒𝑖𝜉1(𝑡) ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 𝑒𝑖𝜉𝑚(𝑡)

𝑉𝑖(𝑡) =
𝑒𝑖𝜒1(𝑡) ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 𝑒𝑖𝜒𝑚(𝑡)
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126 ± 3 °
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Theoretical Curve 
recalculated for the
measured population.
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A. A. Matoso, R. A. Ribeiro, L. E. Oxman, A. Z. Khoury, and S. Pádua, Fractional

topological phase measurement with a hyperentangled photon source, Sci Rep 9, 577 
(2019).
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No post-selection!
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Geometric phase associated with the evolution of a system subjected to 
decoherence.

R. A. Ribeiro, A. A. Matoso, L. E. Oxman, A. Z. Khoury, and S. Pádua,

Phys. Rev. A 99, 042101 (2019)
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Experimental Results

R. A. Ribeiro, A. A. Matoso, L. E. Oxman, 

A. Z. Khoury, and S. Pádua, unpublished

(2019).



ququart



qutrit



ququarts

C
o
in

c
id

e
n
c
e
s

𝜃
0

𝜃
0

𝜃
0

𝜃
0

C
o
in

c
id

e
n
c
e
s



 A photonic interferometer is set to measure the FTP
through the coincidence counts of a photon pair.

 The photons are encoded in path variables (slit states)
and the polarization was an ancilla to implement the
local operations using the SLMs.

 Measurement of the FTP for entangled qudit states with
one local operation.

 It was demonstrated the dependence of the phase on
the dimension 𝑑 ( ).

 Hyperentanglement is a resource that allows the
measurement without path interferometers. No post
selection. Better signal/noise.

 Roboustness of the topological phase is demonstrated
theoretically and in preliminary measurements.





From the properties of the Hermitian and the SU(𝑑) matrices, one
can show that:

So, the phase acquired after a cycle is:

Using the polar decomposition and spliting 𝛾 for each sector of it:

FTF!

SU(𝑑) matrices SU(𝑑) matrices with
the identification



M. Berry 
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